In this paper, we firstly verify that the factorization hypothesis is valid for the exclusive process ργ ⋆ → π at the next-to-leading order (NLO) with the collinear factorization approach, and then extend this proof to the case of the k T factorization approach. We particularly show that at the NLO level, the soft divergences in the full quark level calculation could be canceled completely as for the πγ ⋆ → π process where only the pseudoscalar π meson involved, and the remaining collinear divergences can be absorbed into the NLO hadron wave functions. The full amplitudes can be factorized as the convolution of the NLO wave functions and the infrared-finite hard kernels with these factorization approaches. We also write out the NLO meson distribution amplitudes in the form of nonlocal matrix elements.
I. INTRODUCTION
As the fundamental tool of the perturbative Quantum Chromodynamics(QCD) [1] with a large momentum translation, the factorization theorem [2] assume that the hard part of the relevant processes is infrared-finite and can be calculated, while the non-perturbative dynamics of these high-energy QCD processes can be canceled at the quark level or absorbed into the input universal hadron wave functions. The physical quantities can be written as the convolutions of the hard part kernels and the universal processes-independent wave functions, and then the perturbative QCD has the prediction power. The collinear factorization [3, 4] and the k T factorization [5] [6] [7] , with the distinction whether to keep the transversal momenta in the propagators, are the two popular factorization approaches applied on the hard QCD processes.
We know that the theoretical study for the exclusive processes are in general more difficult than that for the inclusive processes [8] . Because in the exclusive processes, the pQCD factorization in it's standard form may be valid only for the large momentum transfer processes; while in the inclusive processes, like the deep-inelastic scattering, the leading twist factorization approximation is adequate already at Q ∼ 1 Gev. So the intensively investigation for the factorization theorems or the factorization approaches for the exclusive processes is unavoidable.
In recent years, based on the factorization hypothesis, the collinear factorization and k T factorization for the exclusive processes πγ ⋆ → γ(π) and B → γ(π)lν have been testified both at the leading order (LO) and the next-to-leading order (NLO) level, and then these factorization 
A. Leading Order Hard Kernel
The LO quark diagrams for the ργ ⋆ → π transition are shown in the Fig. 1 , where the virtual photon vertex represented by the dark spot have been placed at the four different positions respectively. In the light-cone coordinator system, the incoming ρ meson carry the momenta
(1, 0, 0 T ), and the outgoing π carry the momenta p 2 = Q √ 2 (0, 1, 0 T ). Besides the momenta, the initial ρ would carry the longitudinal polarization vector ǫ 1µ (L) = (0, x 2 , 0 T ) with x 1 and x 2 being the momentum fraction carried by the anti-partons inside ρ and π.
As the spin-1 particle, the wave functions for ρ meson should contain both longitudinal and transverse components [21] .
where φ ρ and φ 
with the twist-2 DA φ a π and twist-3 DAs φ p π and φ t π . The operator product expansion (OPE) [25] states that amplitudes from the twist-3 DAs are suppressed by the hierarchy M ρ /Q and m π 0 /Q at the large momenta transition region, when compared with the twist-2 DAs of the ρ and π meson wave functions respectively. We can classify the LO transition amplitudes into four sets by the twists' analysis of the initial and final meson wave functions: T2&T2; T2&T3; T3&T2 and finally T3&T3. Fortunately, we just need to consider the first two sub-diagrams Fig. 1(a) and Fig. 1(b) directly, because the amplitudes of sub-diagram Fig. 1(c) (Fig. 1(d) ) can be obtained by simple replacement x i → 1 − x i (i = 1, 2) from the amplitudes of Fig. 1(a) ( Fig. 1(b) ). The standard calculations show that only the T3&T2 set ( the twist-3 DAs of the rho meson and the twist-2 DAs of the pion meson) contribute to the LO transition amplitude of Fig. 1(a) , which can be written as the following form,
where γ α should be chosen as γ − . Similarly, only the crossed sets of T2&T3 (Set-I) and T3&T2 (Set-II) contribute to the LO transition amplitudes of Fig. 1(b) , which can be written as the form of
where the γ α can be γ − or γ α ⊥ ;
where the γ α = γ α ⊥ . The LO transition amplitudes as given in Eqs. (3, 4, 5) are all transversal due to the γ 5 from the final pion meson wave function, the γ µ from the virtual photon vertex and the polarization vector ǫ 1 of the initial ρ meson.
B. O(α s ) corrections to Fig.1(a)
A complete amplitude for a physical process in QCD is usually defined in three spaces: the spin space, the momenta space and the color space. So the factorization theorems need to deal with all these three spaces in the QCD processes. We can factorize the fermion currents in the spin space by using the Fierz identity,
where I is the identity matrix and σ αβ is defined by σ αβ = i[γ α , γ β ]/2, the different terms in Eq. (6) stand for different twists' contributions. The eikonal approximation is used to factorize the momenta currents in the momentum space. And at last we need to sum over all the color factors to obtain the gauge-independent high order DAs. In this section we will show the NLO factorization of the ρ → π transition process, according to the LO transition amplitudes expressed in Eqs. (3, 4, 5) for the sub-diagrams Figs. 1(a,b) . We try to factorize these NLO transition amplitudes into the convolutions of the LO hard amplitudes and the NLO meson DAs.
We here firstly testify that the collinear factorization is valid at the NLO level for the Fig. 1(a) , where the LO transition amplitude as given in Eq. (3) contains the T3&T2 contribution only. So we just need to consider the twist-3 DAs for the initial ρ meson and the twist-2 DA for the final state π meson in this NLO factorization proofs.
There are two types of infrared divergences from O(α s ) corrections to Fig. 1(a) induced by an additional gluon as illustrated in Fig. 2 and Fig. 4 , which are distinguished by the direction Fig. 1(a) with an additional gluon (blue curves) emitted from the initial ρ meson.
of the additional gluon momentum. We firstly identify these infrared divergences for the O(α s ) correction with the additional "blue" gluon emitted from the initial ρ meson as shown in Fig. 2 , where the gluon momenta may be parallel to the rho meson momenta p 1 . It's easy to find that the amplitudes in Eqs. (7, 8, 9) are reducible for sub-diagrams Fig. 2 (a,b,c), because we can factorize this amplitudes by simply inserting the Fierz identity. The symmetry factor 1/2 in the self-energy diagrams Eqs. (7, 9) represent the freedom to chose the most outside vertex of the additional gluon. The soft divergences from the l ∼ (λ, λ, λ) region are canceled in these reducible amplitudes G (1) 2a,32 (x 1 ; x 2 ), G (1) 2b,32 (x 1 ; x 2 ), G (1) 2c,32 (x 1 ; x 2 ), which is determined by the QCD dynamics that the soft gluon don't resolve the color structure of the rho meson.
where the LO hard amplitudes G (0),v a,32 (ξ 1 , x 2 ) and G (0),a a,32 (ξ 1 , x 2 ) in Eq. (8) with the gluon momenta flowing into the LO hard kernel are of the following form
The NLO DAs φ
ρ in Eqs. (7, 8, 9) , which absorbed all the infrared singularities from those reducible sub-diagrams Figs. 2(a,b,c), can be written as the following form
The additional gluons in sub-diagrams Figs. 2(d,e,f,g) generate the collinear divergences only, because one vertex of the gluon is attached to the LO hard part and then the soft region is strongly suppressed by 1/Q 2 . For these amplitudes, we choose the radiative gluon momenta being parallel to the initial rho meson momenta p 1 to evaluate the collinear divergences. All the amplitudes for those sub-diagrams in Fig. 2(d,e,f,g ) are listed in Eqs. (13, 15, 16, 17) . For Fig. 2(d) we find
with
In Eq. (13), we have
and we find that only the terms proportional to g αβ and g ρ ′ α contribute to the LO hard kernel with γ α = γ − .
Then we can factorize the amplitude G
2d,32 into the NLO twist-3 transversal rho DAs φ For Fig. 2(e) we have
where
The possible contributions from the three terms in the tensor F αβγ is either suppressed by the kinetics or excluded by the requirement that the Gamma matrix in the NLO amplitudes should hold the LO content γ α = γ − . Then we can assume that the infrared contribution from the sub-diagram Fig. 2 (e) can be neglected safely. The kinetic suppression is also happened for the amplitudes of Figs. 2(f,g), theses two subdiagrams also do not provide infrared correction to the LO hand kernel G (0),v/a a,32 , i.e.,
For sub-diagrams Figs. 2(h,i,j,k), however, the additional gluon generates the collinear divergences as well as the soft divergences, because both ends of the gluon are attached to the external quark lines. As the partner with the soft divergences, the collinear divergences are also evaluated by setting the radiative gluon momenta being parallel to the initial rho meson momenta p 1 . The amplitudes for all these four sub-diagrams are given in Eqs. (18, 19, 20, 21) .
For Figs. 2(h,i) we have
For Figs. 2(j,k) , we find that G
2j,32 and G
2k,32 don't provide the NLO correction to the LO amplitude G (0) a,32 , because of the confine of the Gamma matrixes to extract the LO amplitude G (0) a,32 , then the infrared contribution of these two amplitudes can also be neglected safely.
For the irreducible infrared amplitudes as shown in Eqs. (13, (15) (16) (17) (18) (19) (20) (21) , we have the following observations:
(i) We sum up the amplitudes for the irreducible sub-diagrams Figs. 2(d,f,h,i) together, in which the additional gluon is radiated from the initial up-line quark.
The summation of the amplitudes for the sub-diagrams Figs. 2(e,g,j,k), in which the additional gluon is radiated from the initial down-line quark, would give the zero infrared contribution. The infrared divergences only come from the gluon radiated from the up-line quark of rho meson as shown in Fig. 2 , while the infrared contributions from the down-line quark are excluded either by the dynamics or the kinetics.
(ii) By comparing the amplitudes G
2h,32 with G
2i,32 , We find that the soft divergences from the irreducible sub-diagrams Fig. 2 (h) and Fig. 2 (i) will be canceled completely by the simple replacement ξ 1 → x 1 . Combining with the cancellation of the soft divergences in the subdiagrams Figs. 2(a,b,c) , there is no soft divergence in the quark level for the Fig. 2. (iii) The NLO corrections to the LO sub-diagram Fig. 1(a) with the collinear gluon emitted from the initial state do have the collinear divergences, but they can be absorbed into the NLO 
The integral variable z runs from 0 to ∞ for the upper eikonal line as showed in Fig. 3 (a), and runs from ∞ back to y − for the lower eikonal line as showed in Fig. 3 Now we consider the infrared divergences from O(α s ) radiative corrections to Fig. 1 (a) with the additional collinear gluon emitted from the final π meson as shown in Fig. 4 , where the gluon momenta may be collinear with the pion meson momenta p 2 .
FIG . 4c,32 as given in Eqs. (25.26 ,27) will also be cancelled each other exactly.
where φ
with i = (a, b, c) are the NLO DAs, which absorbed all the infrared singularities from these reducible sub-diagrams Figs. 2(a,b,c) and can be written in the following forms:
The infrared singularity analysis for Fig. 2 are also valid for Fig. 4 . The sub-diagrams in the second row of Fig. 4 also contain the collinear singularity only, while the third row sub-diagrams may contain both collinear and soft divergences. Before discussing the infrared behaviour of these irreducible sub-diagrams in Figs. 4(d-k), we here firstly define those LO hard amplitudes which either appeared in Eq. 26 or will appear in the NLO irreducible amplitudes,
In the collinear region l p 2 , we can find the equal relation
a,32 (x 1 ; ξ 2 , x 2 ) for the newly defined LO hard amplitudes as shown in Eqs. (30,31).
The transition amplitude for Fig. 4 (d) can be written as the form of
with the tensor
in which only terms proportional to g βγ and g γα contribute to the LO hard kernel G
a,32 . The NLO twist-2 pion DA φ
Here the eikonal approximation has been employed to obtain the convolution forms for these irreducible amplitudes.
For Fig. 4(e) , similarly, we have
and only the terms proportional to g βγ and g γα contribute to the LO hard kernel G
π,e is defined in the form of
where the additional gluon is emitted from the right-down anti-parton line. Then the amplitudes for the remaining irreducible sub-diagrams in Fig. 4 can be written with the definitions in Eqs. (29,30,31,33,35):
FIG. 5. Infrared divergent diagrams factorized out from the irreducible NLO correction to the final pion meson.
The infrared contributions from the NLO amplitudes G
4j,32 and G
4j,32 are zero, since the Gamma matrixes in these two amplitudes are γ α = γ α ⊥ instead of the γ α = γ − for the LO amplitudes. In order to investigate the NLO collinear factorization of the Fig. 4 and to extract the NLO twist-2 pion meson DA, we make the summation over all the irreducible amplitudes in Fig. 4 into two sets: the first set includes the sub-diagrams with the gluon radiated from the right-up quark line of the final pion meson, while the second set contains the sub-diagrams with the gluon radiated from the right-down quark line.
We firstly sum up the infrared amplitudes for the irreducible sub-diagrams in Figs. 4(d,f,h,i) with the gluon radiated from the right-up quark line:
For the second set of the irreducible sub-diagrams in Figs. 4(e,g,j,k)( where the gluon radiated from the right-down anti-quark line), similarly, we make the summation and then find the infrared amplitude:
Because the IR singularities in Eqs. (39,40) are suppressed, then the soft divergences in Eq. (38) and Eq. (41) from the collinear region can't be cancelled by their counterparts described in Eq. (39) and Eq. (40) respectively. But these remained soft divergences in Eqs. (38,41) could be canceled each other exactly, because the NLO DA φ At the quark level, finally, no soft divergences are left after summation of the NLO contributions from all the sub-diagrams as shown in Fig. 4 .
After the inclusion of the collinear divergences generated from the gluon radiated from the up-line quark and the down-line quark of the final pion meson for Fig. 4 , both the remaining soft divergences and those collinear divergences can be absorbed into the NLO twist-2 pion meson DA φ . From the expressions as given in Eqs. (32,34,36,37,38,41) , we can define the Feynman 
which has the same form as the one in Ref. [9] . The collinear factorization is therefore valid for the NLO corrections for the Fig. 1(a) when the additional gluon emitted from the final pion meson. Analgous to the Fig. 3 , we show in Fig. 5 the infrared divergent sub-diagrams factorized out from the irreducible NLO corrections to the final state pion meson. The sub-diagrams Figs. 5(a,b,e) are the effective-diagrams for the additional gluon radiated from the right-up quark line, while the sub-diagrams Figs. 5(c,d,f) represent the effective-diagrams for the additional gluon radiated from the right-down anti-quark line. We can also sort these six effective-diagrams into three sets by the gluon momenta in the same way as for the Fig. 3 . Fig. 1(b) In this subsection, we study the feasibility of the collinear factorization for the NLO corrections to the Fig. 1(b) . With the requirement to hold the LO contents as shown in Eqs. (4, 5) in the NLO factorization proof, we will consider both the T2&T3 and T3&T2 sets for the DAs of the initial and final state meson in the NLO transition process as illustrated in Fig. 6 and Fig. 7 .
Firstly, we try to use the collinear factorization approach to separate the infrared divergences of the amplitudes for Fig. 6 , in which the additional blue gluons are radiated from the initial rho meson. The reducible sub-diagrams Figs. 6(a,b,c) are factorized easily by simple inserting of the Fierz identity defied in Eq. 6. For each reducible sub-diagram, we can express it's amplitude as the convolutions of the NLO DAs and LO hard kernels in Eqs. (45-50) .
The extracted NLO twist-2 transversal rho meson DAs in Eqs. (45,47,49) are defined in the following form:
The extracted NLO 
The symmetry factor 1/2 in the NLO amplitudes G
6a,23 , G
6a,32 , G
6c, 23 and G
6c,32 are produced due to the freedom to choose the outside vertex of the additional gluon. And the soft divergences will be cancelled exactly in these reducible amplitudes G
6b,23 (x 1 ; x 2 ) and G (1) 6c,23 (x 1 ; x 2 ) or among the amplitudes G (1) 6a,32 (x 1 ; x 2 ), G (1) 6b,32 (x 1 ; x 2 ) and G (1) 6c,32 (x 1 ; x 2 ). The irreducible sub-diagrams Figs. 6(d,e,f,g) generate collinear singularities, and we can also separate these collinear divergences from the hard amplitudes by inserting the Fierz identity after applying the suitable eikonal approximations. We firstly define these new LO hard amplitudes which would appeared in the factorization of the irreducible amplitudes in the collinear region l p 1 for Fig. 6 .
where the γ α could be γ
. And we can find that in the collinear region l p 1 , these two newly defined LO amplitudes in Eqs. (55,55) would be equal. All these new amplitudes would appeared in the next factorization processes for the irreducible sub-diagrams.
The collinear amplitudes for Fig. 6(d) , with the gluon radiated from the left-up quark line and ended to the internal gluon, are written in Eqs. (57,58),
With the NLO transversal twist-2 rho meson DA φ
(1),T ρ,d defined in the following form:
We don't introduce here the NLO twist-3 rho meson DAs due to the diminishing of the collinear singularities for the SET-II amplitude with T3&T2 DAs. In Eq. (57), the tensor 23 ; and (c) the terms proportional to g γα don't generate the NLO correction to the LO hard amplitudes. We have set the collinear singularity of G (1) 6d,32 to be zero in Eq. (58), because all three terms in F αβγ for the NLO corrections to the LO hard kernel are suppressed either by the kinetics or by the dynamics.
The collinear amplitudes for Fig. 6 (e), with the gluon radiated from the left-down anti-quark line and ended to the internal gluon, are written in the following form:
With the NLO transversal rho meson DAs φ ρ,e defined in the form of
The tensor is written as 
The G
6f,32 is suppressed by the kinetics, and then we can set it's collinear singularity to be zero. The irreducible sub-diagrams Figs. 6(h,i,j,k) generate collinear divergences as well as the soft divergences, and we can also separate the infrared divergences from the hard amplitudes in the l p 1 region. The factorization of the infrared divergent amplitude of Figs. 6(h,i,j,k) are demonstrated directly by the following expressions:
It's easy to find that G
6h,32 and G
6i,32 are suppressed by the kinetics and we can set it's infrared contribution to be zero safely.
For the irreducible sub-diagrams Figs. 6(d,e,f,g,h,i,j,k), we here give a short summary for the SET-I irreducible amplitudes with the set of T2&T3 DAs and the additional gluon radiated from the initial rho meson: 
Analogously, we can sum up the amplitudes as given in Eqs. (60,65,71,73) to collect the infrared divergence from the NLO corrections to the G
b,23 (x 1 ; x 2 ), with the gluon radiated from the left-down anti-quark line.
(ii) The soft divergences from the collinear region for these irreducible amplitudes in Eqs. (67,69) and in Eqs. (71,73) will be cancelled each other. At the quark level, consequently, there is no soft divergence left after the summation for the contributions from sub-diagrams in Fig. 6 with the case of the T2&T3 DAs.
(iii) The collinear divergences, generated from the gluon radiated from the up-line quark and the down-line anti-quark of the initial rho meson in Fig. 6 , can be absorbed into the NLO twist-2 rho meson DA φ 
(iv) We can factorize the Set-I irreducible amplitudes for Fig. 6 in the collinear region as the convolutions of the NLO twist-2 DA and LO hard amplitudes, with the radiated gluon momenta flow, not flow or partly flow into the LO hard amplitude.
We then also give a short summary for the Set-II amplitudes with the T3&T2 DAs and the additional gluon radiated from the initial rho meson, obtained by the evaluations of the sub-diagrams Figs. 6(d,e,f,g,h,i,j,k) : b,32 (x 1 ; x 2 ) in Eq. 5, with the gluon radiated from the left-up quark line.
We also sum up amplitudes in Eqs. (61,66,72,74) to collect the infrared divergences arose from the NLO corrections to the G
b,32 (x 1 ; x 2 ), with the gluon radiated from the left-down anti-quark line.
(ii) The infrared divergences from the Set-II amplitudes for sub-diagrams Figs. 6(d,g,h,i), with the additional gluon radiated from the right-up quark line, are suppressed by the kinetic constraints, then only the sub-diagrams Figs. 6(e,g,j,k) generate infrared divergent corrections to the Set-II LO amplitudes G
b,32 (x 1 ; x 2 ) with T3&T2 DAs. (iii) The soft divergences from the sub-diagrams with the gluon radiated from the left-down antiquark line were cancelled exactly. Only the collinear divergences, generated from the gluon radiated from the down-line anti-quark of the initial rho meson in Fig. 6 , should be absorbed into the NLO twist-3 rho meson DA φ (iv) One can factorize the Set-II irreducible amplitudes for Fig. 6 in the collinear region as the convolutions of the NLO twis-3 DA and LO hard amplitudes, with the radiated gluon momenta flow and not flow into the LO hard amplitude. The collinear factorization is therefore valid for the NLO corrections for the Fig. 1(b) with the additional gluon emitted from the initial rho meson. Now, we elaborate the factorization for the infrared divergences in Fig. 7 , in which the additional blue gluons are radiated from the final pion meson. The separation of the reducible subdiagrams Figs. 7(a,b,c) are easy. We express their amplitudes with the LO hard kernels, convoluted to NLO pion DAs with corresponding momenta translation respectively in Eqs. (45-50) . Fig. 1(b) with the additional gluon (blue curves) emitted from the final π meson.
The extracted NLO twist-3 pion DAs φ 
The extracted NLO twist-2 pion DAs φ ,85) is also the symmetry factor for choosing the outside vertex of the additional gluon. The soft divergences will be cancelled both in set of G (1) 7a,23 (x 1 ; x 2 ), G (1) 7b,23 (x 1 ; ξ 2 ) and G (1) 7c,23 (x 1 ; x 2 ) and in set of G (1) 7a,32 (x 1 ; x 2 ), G (1) 7b,32 (x 1 ; ξ 2 ) and G (1) 7c,32 (x 1 ; x 2 ), because the soft dynamic don't involve the color structure of physical mesons.
The newly defined LO hard amplitudes G
b,32 (x 1 ; ξ 2 , x 2 ) and G
(89,90) will appear in the factorization for the irreducible sub-diagrams in the collinear region l p 2 for Fig. 7 .
The amplitudes for the irreducible sub-diagrams Figs. 7(d,e,f,g) provide the collinear singularities only in the l p 2 region. For Fig. 7(d) , we find
with the NLO twist-3 pion DA φ
(1),P π,d in Eq. (91) defined in the following form:
where the NLO twist-2 pion DA φ
in Eq. (92) 
We note that for the T2&T3 amplitude G b,32 (x 1 ; x 2 ), because the contribution from g αβ and g βγ are suppressed by kinetics.
For Fig. 7(e) , similarly, we find
(1),P π,e in above Eq. (94) defined in the following form:
While the NLO twist-2 pion DA φ 
7e, 23 , we know that: (a) the term related to g βγ is suppressed; (b) the terms proportional to g γα and g αβ provide the corrections only to the transversal LO hard kernel G (0),T b, 23 . The T3&T2 amplitude G (1) 7e,32 , however, only receive the contribution from the term proportional to the tensor g γα , because the other terms(g αβ and g βγ )contributions are hardly suppressed.
For Figs. 7(f,g) , futhermore, we find
we note that amplitudes G
7f, 23 and G
7g,23 are suppressed by the kinetics, then we need't to define their collinear singularities.
In the l p 2 region, the factorizations for the irreducible amplitudes of sub-diagrams Figs. 7(h,i,j,k), which would generate soft singularities as well as the collinear singularities, can be written as the following form:
(i) By summing up the four amplitudes in Eqs. (91,97,101,101) with the radiated gluon from the right-up quark line, we find
By summing up the amplitudes in Eqs. (94,99,105,107) with the radiated gluon from the right-down anti-quark line, similarly, we find
( 
which has the same form as the one defined in Ref. [11] .
(iv) As demonstrated in Eqs. (109,110), all Set-I infrared-relevant NLO amplitudes can be written as the convolution of the LO hard kernel and the NLO π meson DAs (G
and G
π,e ), with the integral momenta flowing or not flowing into the LO hard amplitudes.
We here also give a brief summary to the Set-II amplitudes for the sub-diagrams Figs. 7(d,e,f,g,h,i,j,k) , with the T3&T2 DAs and the gluon radiated from the final pion meson: 
7up,32 (x 1 ; x 2 ) =G
7d,32 (x 1 ; x 2 ) + G
7f,32 (x 1 ; x 2 ) + G
7h,32 (x 1 ; x 2 ) + G
7i,32 (
By summing up the amplitudes in Eqs. (95,100,106,108) with the radiated gluon from the right-down anti-quark line, similarly, one finds that 
III. k T FACTORIZATION OF ργ ⋆ → π
In this section, the NLO proof of the factorization theorem is demonstrated with the inclusion of the transversal momentum k T . The k T factorization approach is qualified to deal with the smallx physics [2, 6, 9] , because of it's advantage to avoid the end-point singularity without introducing other non-physics methods.
The hierarchy k iT ≪ k 1 · k 2 is holding in the bound wave functions, so the transversal contributions on the numerators can be dropped safely and the transversal momentum k T in the LO hard kernels can also be dropped, then factorization proofs made in the above section with the collinear factorization approach is valid here with the inclusion of the transversal momentum [10, 13] . When we extend the proofs for the NLO ρ → π transition from collinear factorization approach to k T factorization approach, the only modification required is to include the transversal integral l T to the NLO wave functions in Eqs. (23, 24, 44, 77, 111) , besides the longitudinal integral along the light cone. This modification can also be understood as the integral deviated from the light cone direction by b in the coordinate space, as illustrated by Fig. 8 .
The O(α s ) wave functions at twist-2 and twist-3 as deifined in Eqs. (23, 24, 44, 77, 111) can be reproduced by the following nonlocal matrix element in the b space. 
All these NLO wave functions would reproduce the Feynman rules of Wilson lines.
IV. SUMMAREY
In this paper we firstly verified that the factorization hypothesis is valid for the ρ → π transition process at NLO level in the collinear factorization approach, and then we extended this proof to the case of the k T factorization approach. Because of the difference of the initial vector meson ρ and the final pseudo-scalar meson π, we considered both the two LO sub-diagrams Figs. 1(a) and 1(b), with the virtual photon vertex positioned on the initial state quark line and on the final state quark line, respectively.
For each LO sub-diagram Fig. 1(a) or Fig. 1(b) , we first evaluated the NLOcorrections from the additional gluon radiated from the initial rho meson as well as from the final pion meson, and then we verified that all the infrared singularities in those four NLO quark level diagrams ( Fig.1(a) -Fig.1(d) ) could be absorbed into the NLO meson wave functions. Certainly, we made this proof both in the collinear factorization approach and in the k T factorization approach. And we showed explicitly that every NLO quark level amplitude can be expressed as the convolution of the NLO wave functions and the LO hard kernel, with the gluon momenta, which would generate the infrared singularities, flowing, not flowing and partly flowing into the LO hard amplitudes.
Particularly, we find that: (a) only the T3&T2 set with the twist-3 ρ meson DAs and twist-2 pion DAs contribute to the LO amplitude of Fig. 1(a) , as defined in Eq. 3; (b) only the collinear singularities would appeare in the NLO diagrams for the LO Fig. 1(a) , because the soft singularities in these NLO diagrams are either suppressed by the kinetics or cancelled by each other.
For the NLO corrections to the LO Fig. 1(b) , however, there exist two kinds of the LO amplitudes as described in Eqs. (4, 5) with the T2&T3 and T3&T2 combinations of the initial and final state meson wave functions and we called them Set-I and Set-II respectively. We further find that the NLO corrections to the Set-I and Set-II LO amplitude generate the collinear singularities only, since the soft singularities in these two cases are either suppressed by the kinetics or cancelled by each other. The underlying reason is the fact that the soft gluon will not change the color structure of the rho and pion mesons. All the remaining infrared singularities from the collinear regions, would be absorbed into the NLO wave functions, and we have also defined the NLO wave functions with different twists in the nonlocal matrix elements, which would help us to understand the fundamental meson wave functions and push us to calculate the NLO hard kernels for this ρ → π transition process.
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